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u ∈ [L2(0, T ; H
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‖u− uh‖L∞(0,T ;L2(Ω)) ≤ Ch
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u : Ω× (0, T ) −→ Rd
g





∂tu + u · ∇u− 2ν∇ · ε(u) +∇p = f
z
Ω× (0, T ),
∇ · u = 0
z|
Ω× (0, T ),
u = 0
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u ∈ [L2(0, T ; H
3
2+(Ω)) ∩ L∞(0, T ; W 1,∞(Ω)) ∩H1(0, T ; L2(Ω))]d,
p ∈ L2(0, T ; H
1






u ∈ [L∞(0, T ; W 1,∞(Ω)) ∩H1(0, T ; L2(Ω)) ∩ L2(0, T ; Hr(Ω))]d,














u ∈ [H1(0, T ; Hr(Ω))]d,






  ö agõbcô











































CR, CU > 0
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v : Ω −→ R : v|K ∈ H










= V kh ∩
L20(Ω)
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t ∈ (0, T )
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(∂tuh,vh) + (A + J)
[
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wh; (uh, ph), (vh, qh)
] def

































wh; (uh, ph), (vh, qh)
] def
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(∂t(u− uh),vh) + A
[
u; (u, p), (vh, qh)
]
− (A + J)
[
uh, (uh, ph), (vh, qh)
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0 ≤ m ≤ l
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‖Ikhu− u‖0,Ω + h‖∇(I
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‖Πkhu‖0,∞,Ω ≤ Cpi‖u‖0,∞,Ω, ∀u ∈ L
∞(Ω),
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‖Πkhu− u‖0,∞,Ω + h‖Π
k
hu− u‖1,∞,Ω ≤ Ch‖u‖1,∞,Ω,
)I~1,
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u ∈ W 1,∞(Ω)
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≤ ‖Πkh(uvh − SZh(uvh))‖0,Ω
+ ‖SZh(uvh)− uvh‖0,Ω
≤ 2‖SZh(uvh)− uvh‖0,Ω.
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(vh, qh,wh) ∈ [V
k
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ru = min(r, k + 1)

-
rp = min(s, k + 1)

C > 0
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(P kh u,vh) + ah(P
k
h u,vh) + bh(R
k
hu,vh)
+ γj(P kh u,vh) = (u,vh) + ah(u,vh),
− bh(qh, P
k
h u) + j(R
k
hu, qh) = 0,
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0,Ω = (qh,∇ · vq)
= (qh,∇ · vq −∇ · Π
k
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M∂tuh + A(uh)uh + B
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M∂tuh + A(uh)uh + B


































































M∂tuh + A(uh)uh + B






























M∂tuh + A(uh)uh + B
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0; (uh, ph), (uh, ph)
]
+ ‖uh · n‖
2
0,∂Ω.
! 	 < " Ukswnj0uxwnz|3*) J ,¥zwne
vh = 0
¥j"~jiw










0,Ω + (∇ · uh, pi
∗
h(h∇ · uh)− h∇ · uh)
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〈wh · nvh,vh〉∂Ω − (∇ ·whvh,vh)
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bh(q,vh) = −(q,∇ ·wh − pi
∗





2 (∇ · vh − pi
∗
h(∇ · vh))‖0,Ω
+ ‖q‖0,∂Ω‖vh · n‖0,∂Ω
≤ C||](0, q)[|||||(wh, 0)|||0.
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bh(qh,v) = −(qh,∇ · v) + 〈qh,v · n〉∂Ω
= (∇qh,v)









≤ C||](v, 0)[|||||(0, qh)|||0.
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L∞(0,T ;L2(Ω)) ≤ C(cexp, c1, c2)
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω))







|||(u− uh, p− ph)|||
2
uh
dt ≤ C(cexp, c1, c2)
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω))











= min(s, k + 1)
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C(cexp, c1, c2) > 0
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L∞(0,T ;L∞(Ω)) ≤ Ch
2‖u‖2L∞(0,T ;W 1,∞(Ω))
+ C(cexp, c1, c2)h
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θh = u− uh − θ




u ∈ H1(0, T ; L2(Ω))
¾a¥2j"h¯svjNvgij*wnegw
θh ∈ H
1(0, T ; L2(Ω))
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0,2 + CA|||(θh, yh)|||
2
uh
≤ (∂tθh, θh) + (A + J)
[
uh; (θh, yh), (θh, yh)
]
.











0,2 + CA|||(θh, yh)|||
2
uh
≤ (∂t(u− uh), θh)− (∂tθ
pi, θh)








− (A + J)
[
uh; (uh, ph), (θh, yh)
]
.













0,2 + CA|||(θh, yh)|||
2
uh
































pi, θh) + bh(yh, θ
pi)
+ γj(Πkhu, θh) + j(Π
k
hp, yh) + ch(uh; Π
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2J∇ΠkhuK : J∇θhK ds,
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pi, θh〉∂Ω︸ ︷︷ ︸
T3




























pi, (uh − I
1
huh) · ∇θh)︸ ︷︷ ︸
T1,1
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pi + θh) · ∇u, θh)
≤ ‖∇u‖0,∞,Ω (‖θ



































(∇ · uh, Π
k
















(∇ · uh, (u · θh −Π
k
h(u · θh))) +
1
2




















(∇ · θpi,u · θh −Π
k





(∇ · θh,u · θh −Π
k





〈(θpi + θh) · n, Π
k
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(‖θpi · n‖0,∂Ω + ‖θh · n‖0,∂Ω) ‖Π
k






+ |||(θh, 0)|||0)( ∑
K∈Th























T5,3 ≤ C21 (||](θ






















− 12 (||](θpi, 0)[||+ |||(θh, 0)|||0)(
‖Πkh(u · θh)−Π
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T5,3 ≤ C23 (||](θ
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(uh, ph) ∈ W
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h
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(u, p)
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ν < h














0,Ω dt ≤ C
[
h2(ru−1)‖u‖2L2(0,T ;Hru (Ω))































0,Ω = (p− ph,∇ · vp)
= (p− ph,∇ · (vp −Π
k






0,Ω = −(∇(p− ph),vp − Π
k
hvp)− 〈p− ph, (Π
k
hvp) · n〉∂Ω
+ (p− ph,∇ · (Π
k
hvp))
= −(∇(p− ph),vp − Π
k
hvp)− bh(p− ph, Π
k
hvp).
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2 ε(Πkhu− uh)‖0,∂Ω ≤ C‖ν
1
2 ε(Πkhu− uh)‖0,Ω
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T3 = (u · ∇(u− uh), Π
k



















T3 = −((u− uh) · ∇Π
k
hvp,u)− (uh · ∇Π
k




















T3,1 ≤ C (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖u− uh‖0,Ω‖∇Π
k
hvp‖0,Ω
≤ C (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖u− uh‖0,Ω‖vp‖1,Ω.
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2 ‖uh‖0,∞,Ω|||(u− uh, p− ph)|||uh‖vp‖1,Ω.
)I~1,
  ö agõbcô


























































T5 ≤ ‖∂t(u− uh)‖V ′‖vp‖1,Ω.
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+ h2ru−1‖u‖2ru,Ω + (1 + h‖uh‖
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C > 0 
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u− uh = u− P
k
h u︸ ︷︷ ︸
θpi
+ P kh u− uh︸ ︷︷ ︸
θh
= θpi + θh,




+ Rkhu− ph︸ ︷︷ ︸
yh
















(∂t(u− uh), ∂tθh) + ah(u− uh, ∂tθh) + bh(p− ph, ∂tθh)
+ ch(u;u, ∂tθh)− ch(uh;uh, ∂tθh)





0,Ω + ah(θh, ∂tθh) + bh(yh, ∂tθh) + γj(θh, ∂tθh)
= −(∂tθ
pi, ∂tθh)− ah(θ
pi , ∂tθh)− bh(y
pi, ∂tθh) + γj(P
k
h u, ∂tθh)





















0 = ∂t(bh(qh,uh)− j(ph, qh))
= bh(qh, ∂tuh)− j(∂tph, qh) + bh(∂tqh,uh)− j(ph, ∂tqh)






bh(∂tqh,uh)− j(ph, ∂tqh) = 0.
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pi, ∂tθh) + γj(P
k
h u, ∂tθh)︸ ︷︷ ︸
T1
+ ch(uh;uh, ∂tθh)− ch(u;u, ∂tθh)︸ ︷︷ ︸
T2













pi, ∂tθh) + (θ



















−1‖u− uh‖0,Ω (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖∇∂tθh‖0,Ω
+ Ch−
1


































0,Ω dt ≤ C|||(θh(0), yh(0))|||
2
0




















(∂t∇p, θh) dt + (∇p(T ), θh(T ))
− (∇p(0), θh(0)).
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bh(qh,uh(0)) = j(ph(0), qh),
bh(qh, P
k
















h u0 − uh(0))
= j(Rkhu(0), R
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